Abstract: Compared with conventional linear ultrasonic inspection methods, which are sensitive only to severe defects, nonlinear ultrasonic inspection methods are better for revealing micro-cracks in thin plates. However, most nonlinear ultrasonic inspection methods have only been experimentally investigated using bulk or Rayleigh waves. Numerical studies, especially numerical simulations of Lamb ultrasonic waves, have seldom been reported. In this paper, the interaction between nonlinear S0 mode Lamb waves and micro-cracks of various lengths and widths buried in a thin metallic plate was simulated using the finite element method (FEM). The numerical results indicate that after interacting with a micro-crack, a new wave-packet was generated in addition to the S0 mode wave-packet. The second harmonics of the S0 mode Lamb waves and the new wave-packet were caused by nonlinear acoustic effects at the micro-crack. An amplitude ratio indicator is thus proposed for the early detection of buried micro-cracks.
reported by Buck et al. [12] , there have been a tremendous number of investigations into acoustic harmonic generation, due to its potential application in the detection of cracks [13] [14] [15] . However, most studies have used bulk waves or Rayleigh waves, neither of which is suitable for detecting micro-cracks buried in thin structures.
Nonlinear Lamb wave technology is of great interest, because it combines the high sensitivity of the nonlinear approach with the large testing range of Lamb waves, making it a perfect candidate for the detection of micro-cracks hidden in thin materials. Recently, an experimental investigation into the use of nonlinear Lamb waves for evaluating fatigue micro-cracks was carried out [16] . Although in that particular investigation the micro-crack introduced into the inspected specimen was visible and on the surface, it has been experimentally shown that the nonlinear Lamb wave technique has potential for detecting structural micro-cracks. Only a few investigations into this topic have used the finite element method. Kawashima et al. [17] studied CAN using Rayleigh waves to detect surface cracks. Soshu and Toshihiko [18] used nonlinear longitudinal waves to detect a closed crack. Recently, Shen and Giurgiutiu [19, 20] adopted FEM to simulate the interaction between nonlinear Lamb waves and a surface-breathing crack in a plate. However, their approach had several limitations. First, both the S0 and A0 modes were excited, which means that when the receiving sensor was located close to the crack zone, the S0 and A0 modes received may have been overlapping, and not easily separated. Second, Shen and Giurgiutiu studied a surface breaking-crack, which does not accurately represent most real cracks found in nuclear power, chemical and refinery plant components. Third, the authors only investigated the dependence of the nonlinear effect index on the crack length, and not the crack width.
We used finite element analysis to simulate the interaction between nonlinear Lamb waves and a buried micro-crack perpendicular to the upper and lower surfaces of a thin metallic plate. A pitch and catch approach was applied in the FEM model, using two symmetric piezoelectric ceramic transducer (PZT) wafers as transmitters to generate a single S0 mode signal, and a single PZT wafer as the receiver. A buried, oval-shaped micro-crack was simulated by hard contact with a frictionless model. The generated S0 mode Lamb waves propagated along the structure, interacted with a micro-crack, obtained nonlinear features, and were picked up by the receiver. The interactions between Lamb waves and micro-cracks of different lengths with a constant width were simulated to study the influence of micro-crack length on the nonlinear effects The influence of micro-crack width on nonlinear effects was also investigated by simulating the interaction of Lamb waves with micro-cracks of different widths and a constant length. The simulation results show that the nonlinear Lamb wave technique is indeed capable of detecting a micro-crack in a thin plate. This allows us to propose a baseline-free indicator to identify and detect a micro-crack in a thin plate.
The remainder of this paper is organized as follows: Section 2 introduces the basic theoretical background of Lamb waves and higher harmonics generation through CAN. In Section 3, a finite element model of the interaction between nonlinear Lamb waves and micro-cracks is described in detail. FEM simulation results are presented and discussed in Section 4, and conclusions are drawn and future studies proposed in Section 5.
Basic Theoretical Background
In this section, we briefly introduce the basic theoretical background related to Lamb wave technology and higher harmonics generation mechanism based on CAN.
Lamb Wave Technology
When stress waves that are excited by a general transducer propagate along a thin structure with key dimensions comparable to the wavelength, they are constrained between its geometric boundaries. Thus, a complex mixture of constructive and destructive interference occurs due to successive reflections, refractions and mode conversions. As a result, Lamb waves are generated. Complications encountered when applying Lamb waves to NDE include the existence of multiple modes and the dispersive behavior of the modes.
Multi-Mode Nature and Dispersive Behavior of Lamb Waves
Classical Lamb waves are defined as elastic waves of plane strain propagating in a traction-free, homogeneous and isotropic plate. The Lamb wave propagation problem is governed by the Navier equation and the boundary conditions of free surface traction. There are two groups of waves, symmetric and anti-symmetric, in which the normal displacement of the particles is symmetric or anti-symmetric, respectively, with respect to the median plane of the plate thickness, that satisfy the wave governing equation and the boundary conditions. Dispersion curves, which plot the phase and group velocities against the excitation frequency, are a fundamental way of describing the propagation of Lamb waves in a specified structure. Dispersion curves can be plotted from the calculated results of the frequency equations for both symmetric and anti-symmetric waves as expressed in Equations (1) and (2) 
where 2h is the thickness of a plate, and k is the wave number. If the longitudinal wave velocity, the shear wave velocity and the angular frequency are denoted by c L , c T and ω, then p and q are described by the following equation [21] :
Phase and group velocity dispersion curves for a 2 mm thick aluminum plate are illustrated in Figure 1a ,b, respectively. Red curves labeled S0, S1, S2 and blue curves labeled A0, A1, A2 represent the first three symmetric and anti-symmetric mode dispersion curves respectively. At lower frequencies, the velocity of the first symmetric mode (S0) is almost non-dispersive. Compared to longitudinal or transverse waves whose phase and group velocities are equivalent and independent of frequency, Lamb waves are dispersive in nature, such that the phase and group velocities are not equal, and both velocities are functions of frequency. As the ultrasound energy propagates at the group velocity, the energy of a pulse spreads out in space and time as it progresses through a material.
The multi-mode and dispersive nature of Lamb waves creates difficulties in the interpreting the signals received. Thus, it is desirable to generate a single mode to use Lamb waves in NDE applications.
The S0 mode at low frequencies is promising in NDE for three reasons. First, it is practically non-dispersive. Second, its stresses are almost uniform through the thickness of the plate so that its sensitivity to defects is not dependent on the thickness of the defect location [22] . Third, it is the fastest mode, which indicates that it will be the first wave-packet to arrive at the receiver, and so can readily be separated from other signals by time domain gating. Figure 1 shows that there are at least two modes for any chosen frequency. This means that selectively exciting one mode is difficult. Several approaches, including angled prisms [23] , comb transducers [24, 25] and linear arrays with time-delayed excitation [26, 27] , have been developed to excite single-mode Lamb waves. Recently, PZT wafers have been explored as transmitters to excite and sensors to detect Lamb waves. A theoretical explanation for the mode selectivity of the PZT wafer transducer has been reported in [28] . In our paper, three PZT wafers were bonded on a 2 mm thick aluminum plate. Two PZT wafers used as actuators were placed on the double surface at the excitation point, meaning that the two transmitters had the same coordinates. When these two PZT actuators were excited by the same input burst signal, symmetric mode Lamb waves were enhanced, while anti-symmetric waves were suppressed. Only S0 mode Lamb waves were generated. Another PZT wafer was placed as a receiver to collect the wave signal. The configuration of these transducers is shown in Figure 2a . In our simulation model, the point force method was used to model PZT actuators. This kind of point force modeling is described in detail by Nieuwenhuis et al. [29] . Figure 2b illustrates a point force simulation model, in which the principal effect of two PZT actuators are represented as two point forces acting in the x-direction on the upper and lower surface respectively at position x = a (where a = 3.2 mm, the length of a PZT transducer). The PZT receiver is modeled by a point on the upper surface located 60 mm from the y axis, and the stress σ 11 at this point is monitored as the receiving signal. 
Single S0 Mode Excitation

Higher Harmonics Generation through Contact Acoustic Nonlinearity
When an ultrasonic wave excited by a large amplitude is incident to an imperfect interface, higher harmonic waves are generated. This phenomenon is known as CAN, and has attracted increasing amounts of attention for its potential to characterize closed cracks or imperfect bond interfaces.
Physically, the phenomenon of higher harmonics generation is related to nonlinearity in the elastic behavior of the material, which indicates that the relationship between stress σ and strain ε is nonlinear, as illustrated in Figure 3 [30] . This nonlinear relationship can be expressed by the nonlinear version of Hooke's law shown in Equation (4) [31]:
where E is Young's modulus, and and are second and third order nonlinear elastic coefficients respectively. Here, we consider a nonlinear dynamic system of the form:
where u and y are the general input and output, respectively, and C is a scale factor. Consider a harmonic input:
By substituting Equations (6) into (5), the output takes the following form:
Equation (7) indicates that the output of the nonlinear system contains not only the fundamental frequency  but also higher order harmonics 2, 3…. This distinctive feature makes it possible for us to evaluate the material degradation, assess fatigue, or detect micro-cracks that introduce nonlinearity to the specimen. The basic physical mechanism of CAN is that a crack driven by longitudinal acoustic traction causes clapping of the crack interface. This clapping nonlinearity originates from asymmetrical dynamics of the contact stiffness which is higher in the compression phase than in the tensile phase. As a result, the compressional part of the waves can penetrate it, but their tensile part cannot, as shown in Figure 4 [31] . Therefore, after penetrating the interface, the waves exhibit half-wave rectification, which means that they have obvious nonlinearity. This nonlinearity can then be detected by higher harmonics [30] . 
Finite Element Model
Two-dimensional FEM models were developed and dynamic simulations were performed using Abaqus/Explicit software. The parameters of the plate are shown in Table 1 . S0 mode Lamb waves display an almost non-dispersive character at low frequencies. The tuning curve was used to select the best centered excitation frequency. The tuning curve is plotted by the WaveFormRevealer software [32, 33] developed by LAMSS at the University of South Carolina. As shown in Figure 5 , the amplitude of the S0 mode peaks at around 400 kHz. Therefore, the centered excitation frequency was set to 400 kHz. A hamming windowed tone-burst consisting of five cycles at a frequency of 400 kHz was used as the excitation signal. Its mathematical formula is given in Equation (8) . The temporal waveform and its corresponding frequency spectrum are plotted in Figure 6a ,b: The micro-crack was located 50 mm from the y axis, and its shape was modeled as an ellipse as shown in Figure 7 , and its surfaces were simulated by hard contact with a frictionless model. We define the major and minor axis of the ellipse as the length and width of the crack, respectively. To obtain adequate accuracy and high efficiency, a meshing strategy with varying mesh density was adopted. In general, a denser mesh will give a more accurate result, but will also cost more in terms of calculation time and computer resources. We adopted the maximum element size and time step to ensure accuracy from the reference [19] For a 400 kHz signal, according to Equations (9) and (10), the calculated maximum element size and time step are 0.655 mm and 0.125 µs. Therefore, a mesh size of 0.5 mm and a time step of 0.1 µs are sufficient to ensure accuracy. The crack zone was more densely meshed, with much smaller elements to accommodate the complicated mechanical response. In this paper, the element size at the micro-crack was set to 0.05 mm. To ensure the accuracy of the second harmonic generated, a mesh size of 0.25 mm was applied to both the region between the actuators and the micro-crack and the zone between the crack zone and the receiver. The meshing result is depicted in Figure 8 . A time step of 0.05 µs was used to ensure the accuracy of the second harmonic. The initial simulations were carried out for an undamaged plate and a plate with a micro-crack 6 nm wide and 800 µm long, to identify the second harmonic generation features and characteristics of the signals received as a result of the micro-crack. Next, two groups of simulations were performed to investigate the dependence of nonlinear effects on the micro-crack's length and width.
The first group of simulations featured a micro-crack of a constant width and varied length. Width w was set to 6 nm, and length l was set to 200, 400, 600, 800, 1000, 1200 and 1400 µm. We used an index s = l/h (where l and h are the crack length and plate thickness) to define the length severity of the micro-crack. Accordingly, the micro-crack length severity index s was equal to 0.1, 0.2, 0.3, 0.4, 0.5, 0.6 and 0.7. The second group of simulations used a micro-crack of a fixed length and changing width. The value of e length l was fixed to 800 µm, and the values of width w used were 4 nm, 6 nm, 8 nm, 10 nm, 12 nm, 14 nm, 16 nm, 20 nm, 30 nm and 40 nm.
Simulation Results and Discussions
In this section, we first present and discuss the simulation results generated from both the undamaged plate and the plate with a micro-crack 6 nm wide and 800 μm long. Generated second harmonics in the received wave-packets indicated the existence of a micro-crack in the plate. Then, we display and discuss two groups of simulation results to identify the influence of the micro-crack's length and width on the nonlinear effects. Finally, based on these simulation results and discussions, we propose a baseline free indicator to identify and detect a buried micro-crack in a thin plate.
Second Harmonic Generation as a Result of the Presence of a Micro-Crack
The received time-domain signals from an undamaged plate and a damaged plate with a micro-crack 6 nm wide and 800 μm long are illustrated in Figure 9a ,b. To show the differences between these two signals, they are superimposed in Figure 10 . It can be clearly seen that a new wave-packet has appeared in the time-domain signal obtained from the micro-cracked plate. Another difference between the signals from the two plates is that there was a slight amplitude drop and phase shift in the S0 mode wave-packet signal from the micro-cracked plate compared with the signal from the undamaged plate. Second harmonic component generated by the nonlinear effect at the micro-crack was introduced into both the S0 mode wave-packet and the new wave-packet. This inference can be confirmed by analyzing the frequency-domain spectrum. Fourier transforms of the S0 mode wave-packets from both the undamaged and the micro-cracked plates were conducted. Their corresponding frequency spectra are plotted in Figure 11a . The frequency spectrum of the new wave-packet signal from the damaged plate is given in Figure 11b . As indicated in the Fourier spectrum of the S0 mode shown in Figure 11a , two amplitude peaks were present at around 398.7 kHz and 803.4 kHz for the micro-cracked plate, but only one peak appeared at around 398.7 kHz for the undamaged plate. Because the excitation frequency was centered at f = 400 kHz, the 398.7 kHz peak corresponded to the amplitude of the fundamental frequency component, and the 803.4 kHz peak corresponded to the amplitude of the second harmonic component. Hence, for the undamaged plate, no higher harmonic components existed in the received S0 mode wave-packet, whereas a second harmonic component was present in the S0 mode wave-packet of the signal from the micro-cracked plate. Regarding the Fourier spectrum of the new wave-packet signal depicted in Figure 11b , the first amplitude peak presented at 402.3 kHz corresponded to the fundamental frequency component and the second amplitude peak observed at 806.7 kHz corresponded to the second harmonic component. In the new wave-packet, the amplitude of the second harmonic was much more obvious than that of the S0 mode wave-packet. The Fourier spectrum analysis confirmed that the S0 mode wave-packet received from the micro-cracked plate contained a second harmonic component, which was introduced by the micro-crack. The propagation wave paths for the time-domain signal received from the micro-cracked plate with a micro-crack 6 nm wide and 800 μm long are illustrated in Figure 12 . The propagation wave paths for S0 mode wave-packet and the new wave-packet are shown as path ① and ② respectively. The S0 mode wave-packet is the directed wave-packet, propagating through and interacting with the micro-crack and received by the sensor. A very small part of directed wave-packet is reflected by the micro-crack, propagating back and reflected by the left end, then propagating forward through and interacting with the micro-crack and finally obtained by the sensor. This is the generation process of the new wave-packet.
The presence of second harmonic components in both the S0 wave-packet and new wave-packet can be used as indicators to detect and identify the existence of a micro-crack in a plate. In addition to the amplitude of the second harmonic components, we used the amplitude ratio of the second harmonic signal (A2) to the fundamental frequency signal (A1) as a nonlinear index to describe the degree of the nonlinear effect shown in Equation (11) 
Dependence of Nonlinear Effect on the Micro-Crack's Length
The amplitudes of the second harmonics for both the S0 mode and the new wave-packet at different micro-crack length severities are shown in Figure 13a . It is clear that although the amplitude of the second harmonic is very small, it has a monotonically increasing relationship with the micro-crack length severity for both the S0 wave and the new wave-packet. The longer the micro-crack, the larger the amplitude of the second harmonic becomes. These simulation results are in accordance with the simulation and experimental results reported by Soshu and Toshihiko [18] , who used nonlinear longitudinal waves to detect a closed crack. A straightforward explanation is that the contact acoustic nonlinearity which was detected by high harmonics increased with the length of the micro-crack. Therefore, the amplitude of the second harmonics in the S0 mode wave packet and in the new wave packet showed a positive relationship with the length of the micro-crack, as the interaction between the micro-crack and the Lamb waves introduced contact acoustic nonlinearity to both the S0 mode wave-packet and the new wave-packet. As the micro-crack became longer, the contact stiffness of the interface decreased. According to the theory of Buck et al. [12] and Biwa et al. [34] , as the contact stiffness of the interface decreased, that is, as the micro-crack became longer, the acoustic nonlinearity increased. The increased amplitude of the second harmonic components with the length of the micro-crack conformed with this theory.
The variation of amplitude ratio with micro-crack length severity for the S0 mode wave-packet and the new wave-packet is shown in Figure 14a ,b. It can be clearly seen that the amplitude ratio was relatively small for the S0 mode wave-packet compared with the new wave-packet, and that the amplitude ratio for the former wave-packet also increased monotonically with the micro-crack length severity, In contrast, the amplitude ratio for the new wave-packet increased monotonically to a peak value and then decreased. Shen and Giurgiutiu [19] obtained similar results through simulating S0 and A0 mode Lamb waves simultaneously interacting with a surface-breathing crack. The amplitude ratio for the new wave-packet was much larger than that for the S0 mode wave-packet, which is attributed to the fact that the amplitude of the fundamental frequency component of the S0 mode wave-packet was much larger than that of the new wave-packet. As the amplitude changes of the fundamental frequency component of the S0 mode wave-packet from seven micro-cracked plates were very small, the variation of the amplitude ratio with micro-crack length severity had the same increasing trend as the amplitude of the second harmonic component of the S0 mode wave-packet. The amplitude of fundamental frequency component also had a monotonically increasing relationship with the micro-crack length severity, as shown in Figure 13b . The amplitude of the fundamental frequency component of the new wave-packet increased faster than that of the second harmonic component at large micro-crack length severities, which caused the amplitude ratio for the new wave-packet to drop. The amplitude ratio for the new wave-packet was relatively large, even for short-length micro-cracks. This ratio can thus be used as an index to identify micro-cracks with small lengths.
Dependence of Nonlinear Effect on the Micro-Crack's Width
The amplitudes of the second harmonics for both the S0 mode and the new wave-packet at different micro-crack widths are shown in Figure 15 . In contrast to the positive relationship between the amplitude of the second harmonic component and the length of the micro-crack, the amplitude of the second harmonic had a monotonically decreasing relationship with the width of the micro-crack for both the S0 mode wave-packet and the new wave-packet. The wider the micro-crack was, the smaller the amplitude of the second harmonic became. Moreover, the amplitude ratio decreased as the micro-crack became wider for both the S0 mode wave-packet and the new wave-packet, as shown in Figure 16a ,b. As the micro-crack became wider, the gap between its two interfaces became larger. Consequently, some areas of the interfaces were not in contact during the compressional phase of the incident wave, and thus the contact area was reduced. As a result, the amplitudes of the second harmonic components were also reduced. From these Figures 15 and 16 , we can see that the amplitude ratio and the amplitude of the second harmonic components for both the S0 mode wave-packet and the new wave-packet dropped very quickly when the width of the micro-crack was less than 10 nm. When the width exceeded 20 mm, the amplitude ratio and second harmonic components for both the S0 mode wave-packet and the new wave packet reached a very low saturation level. The amplitude of the second harmonic components and the amplitude ratio for both the S0 mode wave-packet and the new wave-packet were very sensitive to micro-cracks with small widths. These measures can thus be used to detect and identify small-width micro-cracks. However, the amplitudes of the second harmonic components for both the S0 mode wave-packet and the new wave-packet were very small, and the amplitude ratio for the S0 mode was also relatively small compared with that of the new wave-packet. Thus these measures may not be so sensitive in high-noise conditions. However, the amplitude ratio for the new wave-packet is relatively large and can be used to detect and identify micro-cracks with small widths.
After analyzing the effect of the micro-crack's length and width on nonlinear effects, the amplitude ratio for the new wave-packet could serve as an early indicator of a buried micro-crack, because the ratio is sensitive enough to detect micro-cracks with small lengths and small widths. In addition, as this method depends only on the ratio of Fourier spectrum amplitudes, it does not require any baseline data. Therefore, the amplitude ratio for the new wave-packet is a baseline-free indicator of a micro-crack presence. However, in practical experiments, higher harmonic components will also induced by inherent nonlinearity of electrical equipment (e.g., signal generator, amplifier) which should be removed first before using the amplitude ratio of the new wave-packet as a baseline-free indicator [35] . 
Conclusions
The interaction between nonlinear single S0 mode Lamb waves and a buried micro-crack in a thin plate were simulated using FEM. First, a finite element model was established using the Abaqus software. The point force method was applied to approximate PZT wafer transmitters; the micro-crack was modeled as an oval shape with hard contact and frictionless surfaces; an optimal exciting centered frequency was selected via a tuning curve, and proper element size and time step were selected to ensure the model's accuracy and efficiency. Second, simulations of an undamaged plate and a plate with micro-cracks of different lengths and widths were then carried out. Finally, a baseline-free indicator for the detection of a micro-crack buried in a thin plate was proposed.
The simulation results showed that a new wave-packet appeared in the received temporal signal when a micro-crack was present. Fourier spectrum analysis revealed no higher harmonics in the S0 mode wave-packet received from the undamaged plate. However, second harmonics introduced by contact acoustic nonlinearity at the micro-crack could be clearly observed in both the S0 mode and the new wave-packet signal from the micro-cracked plate. We also investigated the dependence of nonlinear effects on the length and width of the micro-crack. The amplitude of the second harmonic components for both the S0 mode wave-packet and the new wave-packet, and also the amplitude ratio for the S0 mode wave-packet, showed a monotonic increasing relationship with the length of the micro-crack. However, the amplitude ratio for the new wave-packet increased with the length of the micro-crack to a peak, and then decreased. The amplitude ratio for the new wave-packet was relatively large, even for short micro-cracks. The ratio can thus be used as an index for detecting a short-length micro-crack. The amplitude of the second harmonic components and the amplitude ratio for both the S0 mode wave-packet and the new wave-packet had the same decreasing relationship with the width of the micro-crack. A steep relationship was shown when the width of the micro-crack was less than 10 nm, and thus these measures are highly sensitive to micro-cracks with very small widths. As the amplitude ratio for the new wave-packet was relatively large, this ratio could be more reliable and sensitive in high-noise environments. Therefore, the amplitude ratio for the new wave-packet can be used as an early indicator of a buried micro-crack presence. This paper makes three contributions to the literature. First, it provides a finite element model of the interaction between nonlinear single S0 mode Lamb waves and a micro-crack buried in a thin plate. Second, it demonstrates the dependence of nonlinear effects on both the length and width of the micro-crack. Third, it proposes the amplitude ratio for the new wave-packet as a baseline-free early indicator for buried micro-cracks in a thin structure. This paper has only focused on situations involving a single micro-crack, but further investigations will concentrate on plates with multiple micro-cracks.
